For the search for additional Higgs bosons in the Minimal Supersymmetric Standard Model (MSSM) as well as for future precision analyses in the Higgs sector a precise knowledge of their production properties is mandatory. We review the evaluation of the cross sections for the neutral Higgs boson production in association with a photon at future e + e − colliders in the MSSM with complex parameters (cMSSM). The evaluation is based on a full one-loop calculation of the production mechanism e + e − → h i γ (i = 1, 2, 3). The dependance of the lightest Higgs-boson production cross sections on the relevant cMSSM parameters is analyzed numerically. We find relatively small numerical depedances of the production cross sections on the underlying parameters.
Introduction
The most frequently studied models for electroweak symmetry breaking are the Higgs mechanism within the Standard Model (SM) and within the Minimal Supersymmetric Standard Model (MSSM) [1] [2] [3] . Contrary to the case of the SM, in the MSSM two Higgs doublets are required. This results in five physical Higgs bosons instead of the single Higgs boson in the SM. In lowest order these are the light and heavy CP-even Higgs bosons, h and H, the CP-odd Higgs boson, A, and two charged Higgs bosons, H ± . Within the MSSM with complex parameters (cMSSM), taking higher-order corrections into account, the three neutral Higgs bosons mix and result in the states h i (i = 1, 2, 3) [4] [5] [6] [7] . The Higgs sector of the cMSSM is described at the tree-level by two parameters: the mass of the charged Higgs boson, M H ± , and the ratio of the two vacuum expectation values, tan β ≡ t β = v 2 /v 1 . Often the lightest Higgs boson, h 1 is identified [8] with the particle discovered at the LHC [9, 10] with a mass around ∼ 125 GeV [11] .
If supersymmetry (SUSY) is realized in nature the additional Higgs bosons could be produced at a future e + e − collider such as the ILC [12, 13] or CLIC [13, 14] , or at lower center-of-mass energies at FCC-ee [15] or CEPC [16] . In the case of a discovery of additional Higgs bosons a subsequent precision measurement of their properties will be crucial to determine their nature and the underlying (SUSY) parameters. In order to yield a sufficient accuracy, one-loop corrections to the various Higgs-boson production and decay modes have to be considered. Full one-loop calculations in the cMSSM for various Higgs-boson decays to SM fermions, scalar fermions and charginos/neutralinos have been presented over the last years [17] [18] [19] . For the decay to SM fermions see also Refs. [20] [21] [22] . Decays to (lighter) Higgs bosons have been evaluated at the full one-loop level in the cMSSM in Ref. [17] ; see also Refs. [23, 24] . Decays to SM gauge bosons (see also Ref. [25] ) can be evaluated using the full SM one-loop result [26] combined with the appropriate effective couplings [27] (see, however, Ref. [28] ). The full one-loop corrections in the cMSSM listed here together with resummed SUSY corrections have been implemented into the code FeynHiggs [27, [29] [30] [31] [32] [33] .
Particularly relevant are higher-order corrections also for the Higgs-boson production at e + e − colliders, where a very high accuracy in the Higgs property determination is anticipated [13] . Available at the full one-loop level within the cMSSM are [34, 35] 
The processes e + e − → h i h i , e + e − → h i γ and e + e − → H ± W ∓ are purely loop-induced. Here we will review the results for the process e + e − → h 1 γ. 2 We will concentrate on examples for the numerical results. Details on the renormalization of the cMSSM, the evaluation of the 1 Other cross sections available at the same level of sophistication are slepton production, e + e − →l gslgs (g = 1, 2, 3; s, s = 1, 2) [36, 37] and chargino/neutralino production, e + e − →χ 0 iχ 0 j ,χ ± kχ ∓ l (i, j = 1, 2, 3, 4; k, l = 1, 2) [37, 38] . 2 This process has been analyzed in other models beyond the SM in Ref. [39] . loop diagrams, the cancellation of UV divergences, as well as a comparison with previous, less advanced calculations can be found in Ref. [34] .
Contributing diagrams
Sample diagrams for the process e + e − → h i γ (i = 1, 2, 3) are shown in Fig. 1 . The internal particles in the generically depicted diagrams in Fig. 1 are labeled as follows: F can be a SM fermion f , charginoχ ± c or neutralinoχ 0 n ; S can be a sfermionf s or a Higgs (Goldstone) boson h i , H ± (G, G ± ); U denotes the ghosts u V ; V can be a photon γ or a massive SM gauge boson, Z or W ± .
The diagrams and corresponding amplitudes have been obtained with FeynArts (version 3.9) [40] , using the MSSM model file (including counter terms) of Ref. [41] . The further evaluation has been performed with FormCalc (version 8.4) and LoopTools (version 2.12) [42] . We have neglected all electron-Higgs couplings and terms proportional to the electron mass ME (and the squared electron mass ME2), except when it appears in negative powers or in loop integrals. We have verified numerically that these contributions are indeed totally negligible. Scen. For internally appearing Higgs bosons no higher-order corrections to their masses or couplings are taken into account; these corrections would correspond to effects beyond one-loop order. 3 For external Higgs bosons, as discussed in Ref. [27] , the appropriateẐ factors are applied and on-shell (OS) masses (including higher-order corrections) are used [27] , obtained with FeynHiggs [27, 29-33].
Numerical Examples
Here we review examples for the numerical analysis of the lightest neutral Higgs boson production in association with a photon at the ILC, CLIC, FCC-ee or CEPC. The process e + e − → h 1 γ is purely loop-induced (via vertex and box diagrams) and therefore ∝ |M 1-loop | 2 , where M 1-loop denotes the one-loop matrix element of the process.
Parameter settings
Details on the SM parameters can be found in Ref. [34] . The SUSY parameters are chosen according to the scenarios S1 and S2, shown in Tab. 1, unless otherwise noted. These scenarios constitutes viable scenarios for the various cMSSM Higgs production modes. While the charged Higgs-boson mass in S1 is somewhat low w.r.t. the most recent exclusion bounds, this does not affect strongly the numerical evaluation reviewed here in this scenario. The Higgs sector quantities (masses, mixings,Ẑ factors, etc.) have been evaluated using FeynHiggs (version 2.11.0 for S1 and version 2.13.0 for S2).
The numerical results shown in the next subsections are of course dependent on the choice of the SUSY parameters. Nevertheless, they give an idea of the relevance parameter dependances. 
3.2
The process e + e − → h 1 γ: general dependances
In Fig. 2 we show the results for the process e + e − → h 1 γ in S1 as a function of √ s, M H ± , t β and ϕ At . Not shown here are the processes e + e − → h i γ (i = 2, 3) because they are at the border of observability, and the corresponding Higgs-boson masses are excluded by the most recent searches (see, however, Ref. [34] Consequently, this process could be observable for larger ranges of √ s. In particular in the phase with √ s = 500 GeV [45] 30 events could be produced with an integrated luminosity of L = 1 ab −1 . As a function of M H ± (upper right plot) we find an increase in S1, increasing the production cross sections from 0.023 fb at M H ± ≈ 160 GeV to about 0.03 fb in the decoupling regime. This dependance shows the relevance of the SM gauge boson loops in the production cross section, indicating that the top quark loops dominate this production cross section. The variation with t β and ϕ At (lower row) is rather small, and values of 0.03 fb are found in S1.
The process e + e − → hγ: beam polarization
Potentially larger cross sections can be realized with beam polarization. To analyze this, in Fig. 3 we show the results for the process e + e − → hγ (no complex parameters) in S2 as a function of √ s, see Ref. [44] for more details. The thick solid (gray) line indicates the cross section without beam polarization. The results with 100% polarizations of the positron and electron beam are shown as dotted, dash-dotted, dashed and solid (thin) lines for the combinations (P e + , P e − ) = (−, −), (−, +), (+, −), (+, +), respectively. One can see that (+, −) ((−, +)) yield a larger (smaller) cross section as the unpolarized case. The polarizations (−, −) and (+, +) result in zero cross section. A realistic ILC value is given by (P e + , P e − ) = (+0.3, −0.8), which is shown as red solid line. This polarized cross section is larger than the unpolarized one by more than a factor of 2.
3.4
The process e + e − → hγ: stop sector dependance In Fig. 4 we show the results for the process e + e − → hγ (no complex parameters) in S2 in the M Q 3 -M U 3 plane for A t = 2200 GeV, 2600 GeV, 3000 GeV in the upper, middle, lower row, respectively (see Ref. [44] for details). The left column shows the MSSM production cross section, while the middle column indicates the SM cross section, where at each point the Higgs boson mass has been adjusted. Here it should be noted that the color code slightly changes from left to middle column. In all the colored area the light CP-even Higgs boson mass is found in the interval 122 GeV . . . 128 GeV (using FeynHiggs version 2.13.0). The cross section varies by around ∼ 5%, which can partly be attributed to the variation of M h .
In order to disentangle these effects, the right most column shows the differences between the MSSM and SM cross section, i.e. the genuine SUSY loop effects on the cross section calculation. Those are found at the level of ∼ 1.5% to ∼ 3.5%, where the smallest (largest) difference is found for small M Q 3 and small (large) M U 3 . Overall, the variation in the cross section due to SUSY loop effects, despite being a loop induced process, will likely remain too small to be observable at future e + e − colliders such as ILC, CLIC, FCC-ee or CEPC. Agencia Estatal de Investigación (AEI), in part by the EU Fondo Europeo de Desarrollo Regional (FEDER) through the project FPA2016-78645-P, in part by the "Spanish Red Consolider MultiDark" FPA2017-90566-REDC. 500 Figure 4 : σ(e + e − → hγ). Loop induced (i.e. leading two-loop corrected) cross sections are shown with parameters chosen according to S2 (see Tab. 1) in the M Q 3 -M U 3 plane for A t = 2200 GeV, 2600 GeV, 3000 GeV in the upper, middle, lower row, respectively. The left (middle) column shows the MSSM (SM) production cross section, while the right column indicates the difference between the two (see text).
